$p$-adic Polylogarithms and $p$-adic Hecke $L$-functions for Totally
  Real Fields by Bannai, Kenichi et al.
ar
X
iv
:2
00
3.
08
15
7v
1 
 [m
ath
.N
T]
  1
8 M
ar 
20
20
P-ADIC POLYLOGARITHMS AND P-ADIC HECKE L-FUNCTIONS FOR
TOTALLY REAL FIELDS
KENICHI BANNAI∗⋄, KEI HAGIHARA⋄, KAZUKI YAMADA∗, AND SHUJI YAMAMOTO∗⋄
Abstract. The purpose of this article is to newly define the p-adic polylogarithmas an equivariant
class in the cohomology of a certain infinite disjoint union of algebraic tori associated to a totally
real field. We will then express the special values of p-adic L-functions interpolating nonpositive
values of Hecke L-functions of the totally real field in terms of special values of these p-adic
polylogarithms.
1. Introduction
The classical polylogarithm functions Lik(t) for integers k ≥ 0 are complex holomorphic
functions defined by the convergent power series
(1) Lik(t) ≔
∞∑
n=1
tn
nk
, |t | < 1.
Using its description in terms of iterated integrals, the functions Lik(t) may analytically be
continued to multivalued functions on P1 \{0, 1,∞}. One of the importance of the polylogarithm
functions stems from the result by Beı˘linson [5] (see also [26, (5.1) Theorem] or [19]), which
states that the regulator maps for Dirichlet motives may explicitly be described in terms of the
values of the polylogarithm functions at the roots of unity. Combinedwith the fact that the special
values of Dirichlet L-functions may also be expressed as linear combinations of values of the
polylogarithm functions at roots of unity, this result gives the proof of the Gross conjecture for
Dirichlet L-functions, equivalent in this case to the Beı˘linson conjecture for Dirichlet motives.
For Hecke L-functions associated to imaginary quadratic fields, analogues of the polylogarithm
functions studied by Beı˘linson and Levin [2, 7, 24] are given by the Kronecker-Lerch functions,
which plays an important role in the proof by Deninger [15, 16] of the Beı˘linson conjecture for
the associated motives. However, natural analogues of (1) for the case of Hecke L-functions for
general number fields, including the case for totally real fields, have so far been elusive.
Let p be a rational prime. The purpose of this article is to newly construct natural p-adic ana-
logues of the polylogarithm functions (1), which we simply refer to as the p-adic polylogarithms,
corresponding to the case of Hecke L-functions associated to totally real fields. Our construction
is based on the idea behind the construction of the Shintani generating class [3] – that equivariant
cohomology classes instead of functions give canonical objects in the higher dimensional cases.
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One prominent original feature of this construction is our use of the infinite disjoint union T of
algebraic tori associated to the totally real field, with multiplicative action of the totally positive
elements of the totally real field. We believe T and its quotient stack T should be an important
geometric object in the study of the arithematic of totally real fields (see Remark 5.15). We
construct the p-adic polylogarithms as equivariant classes in the (g − 1)-st cohomology of a
certain rigid analytic subspace of T, where g is the degree of the totally real field. We then give
a construction of the p-adic L-functions interpolating special values of Hecke L-functions of
totally real fields following Cassou-Noguès [9], albeit in a more streamlined fashion via stronger
emphasis on the Lerch zeta functions. Our main theorem, Theorem 5.8, expresses the special
values of the p-adic Hecke L-functions as a linear combination of values at torsion points of the
p-adic polylogarithms.
In this article, we fix once and for all embeddings Q ֒→ C and Q ֒→ Cp. The result we
generalize is as follows. The p-adic polylogarithms for the case F = Q are functions, originally
studied by Coleman [10, VI] and Deligne [13, (3.2.2)], defined by the series
(2) Li(p)
k
(t) ≔
∞∑
n=1
(n,p)=1
tn
nk
for integers k ∈ Z. The functions Li(p)
k
(t) extend to rigid analytic functions on the rigid analytic
space ÛQp associated to the p-adic completion ÛZp of the schemeU ≔ P
1 \ {0, 1,∞} = Gm \ {1}
(see for example [10, Proposition 6.2], [13, (3.2.3)] or Proposition 3.4). Let N > 1 be an integer.
For any primitive Dirichlet character χ : (Z/NZ)× → C×, Kubota and Leopoldt [22] defined
the p-adic L-function Lp(χ, s) as an analytic function for s ∈ Zp satisfying the interpolation
property
Lp(χ,−k) =
(
1 − χω−k−1p (p)p
k
)
L(χω−k−1p ,−k)
for any integer k ≥ 0, where ωp : (Z/pZ)× → C× is the Teichmüller character. Generalizing the
result of Koblitz [23] for the case k = 1, Coleman [10] proved the following.
Theorem 1.1. Suppose N is not a power of p, and let ξ be a primitive N-th root of unity. Then
for any integer k ∈ Z, we have
Lp(χω
1−k
p , k) =
g(χ, ξ)
N
∑
β∈(Z/NZ)×
χ(β)−1 Li(p)
k
(ξ β),
where g(χ, ξ) is the Gauss sum g(χ, ξ) ≔
∑
β∈(Z/NZ)× χ(β)ξ
−β.
In this article, we generalize the above result to the case of totally real fields. Let F be a
totally real field of degree g with ring of integers OF , and let I be the multiplicative group
of nonzero fractional ideals of F. For any a in I, we let Ta ≔ HomZ(a,Gm) be the algebraic
torus defined over Z which represents the functor associating to any Z-algebra R the group
Ta(R) = HomZ(a, R×). We let T ≔
∐
a∈I T
a and U ≔
∐
a∈I U
a ⊂ T, where Ua ≔ Ta \ {1}. In
what follows, we fix a finite extension K of Qp in Cp containing all the conjugates of F. We let
ÛK ≔
∐
a∈I Û
a
K
, where Ûa
K
is the rigid analytic space over K associated to the formal completion
of Ua ⊗ OK with respect to the special fiber. The structure sheaf OÛK on ÛK is naturally an
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F×
+
-equivariant sheaf in the sense of §2.2, where F×
+
is the set of totally positive elements F+ of
F viewed as a group with respect to the multiplication.
For any k ∈ Z, we construct the p-adic polylogarithm as a class
Li(p)
k
(t) ∈ Hg−1
(
ÛK/F
×
+
,O
ÛK
)
,
where Hg−1
(
ÛK/F
×
+
,O
ÛK
)
is the equivariant cohomology of ÛK with coefficients in OÛK . For
any nontrivial torsion point ξ of ÛK , we denote by ∆ξ the group of totally positive units in F×+
which preserve ξ. We then view ξ as a rigid analytic space ξ = SpK(ξ) with trivial action of
∆ξ . We define the value Li
(p)
k
(ξ) of the p-adic polylogarithm at ξ to be the image of Li(p)
k
(t) by
the specialization map
Hg−1
(
ÛK/F
×
+
,O
ÛK
)
→ Hg−1(ξ/∆ξ,Oξ)  K(ξ)
induced from the equivariant morphism ξ → ÛK .
For any nonzero integral ideal g of F, we denote by Cl+F(g) the narrow ray class group modulo
g of F. Let g , (1). For any finite primitive Hecke character χ : Cl+F(g) → C
×, Deligne-Ribet
[14], Barsky [4] and Cassou-Noguès [9] defined the p-adic L-function Lp(χ, s) as an analytic
function for s ∈ Zp satisfying the interpolation property
Lp(χ,−k) =
( ∏
p | (p)
(
1 − χω−k−1p (p)Np
k
))
L(χω−k−1p ,−k)
for any integer k ≥ 0, where ωp denotes the composition of the norm map with the Teichmüller
character. Our main theorem, Theorem 5.8 gives the following.
Theorem 1.2 (=Corollary 5.14). Suppose g does not divide any power of (p), and let ξ be an
arbitrary primitive g-torsion point of Ta[g] for some fractional ideal a prime to g. Then for any
integer k ∈ Z, we have
Lp(χω
1−k
p , k) =
g(χ, ξ)
Ng
∑
b∈Cl+F (g)
χ(b)−1 Li(p)
k
(ξb),
where g(χ, ξ) is a certain Gauss sum associated to the Hecke character χ, and ξb is a certain
torsion point in Tab[g].
Beı˘linson and Deligne gave an interpretation of the complex polylogarithm functions (1)
as periods of certain unipotent pro-variation of mixed R-Hodge structures, referred to as the
polylogarithm sheaf, on the projective line minus three points. Furthermore, this polylogarithm
sheaf was interpreted as the Hodge realization of themotivic polylogarithm class associated with
the algebraic torus Gm, and the fact that the regulator maps are expressed by (1) follows from
this fact (see for example [19]). The motivic polylogarithm class for general commutative group
schemes were constructed by Huber and Kings [20]. The p-adic interpolation of critical values
of Hecke L-functions of totally real fields was previously studied by Beı˘linson, Kings, and Levin
in [6] via the topological polylogarithm on a torus. Our construction of the p-adic polylogarithm
arose from our effort to understand the syntomic realization of the motivic polylogarithm class
for T, in order to also capture the noncritical values of the p-adic Hecke L-functions.
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In [17], Gros gave a working definition of syntomic cohomology and the syntomic regulator
map, and Kurihara [17, Appendix] proved that the syntomic regulators in the cyclotomic case
are expressed by the p-adic polylogarithm functions (2). The interpretation of these results in
terms of syntomic realization of the polylogarithm sheaf was given in [1]. The relation of the
p-adic polylogarithms in our case to the syntomic realization of the polylogarithm classes, as
well as its plectic incarnation following the spirit of Nekovář and Scholl [25], will be explored
in subsequent research.
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The content of this article is as follows. In §2, we give the definition of Lerch zeta functions
and the construction of the Shintani generating class, generalizing the result of [3] to the case
when the narrow class number of the totally real field is not necessarily one. In §3, we give the
construction of the p-adic polylogarithm. In §4, we construct a p-adic measure interpolating
values at nonpositive integers of Lerch zeta functions, and use this measure to construct the
p-adic L-function Lp(χ, s). Our main theorem, Theorem 5.8, will be proved in §5.
2. Lerch Zeta Functions and the Shintani Generating Class
In this section, we generalize the construction of the Shintani Generating Class given in [3]
to deal with the case when the narrow class number of the totally real field is not necessarily
one. In particular, we introduce the scheme T ≔
∐
a∈I T
a , where I denotes the set of nonzero
fractional ideals of the totally real field and Ta ≔ HomZ(a,Gm).
2.1. Lerch Zeta Functions and Hecke L-functions. Let F be a totally real field of degree
g with ring of integers OF . In this subsection, we first give the definition of the Lerch zeta
functions of F. We then introduce the set Ttors as a natural parameter space for the Lerch zeta
functions, and express the L-function associated to a Hecke character of F canonically in terms
of the Lerch zeta functions.
In what follows, for any subset X of F, we denote by X+ the set of totally positive elements of
X . For any fractional ideal a of F, we let Ta be the algebraic torus
Ta ≔ Hom(a,Gm)
defined over Z used by Katz [21]. The algebraic torus Ta represents the functor associating to
any Z-algebra R the group of additive characters Ta(R) = Hom(a, R×) on a with values in R×.
Ta is given as the affine scheme Ta = SpecZ[tα | α ∈ a], where tα are parameters satisfying
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tαtα
′
= tα+α
′
for any α, α′ ∈ a. We let ∆ ≔ (O×
F
)+ be the group of totally positive units of F.
Then the natural left action of ∆ on a induces a right action of ∆ on Ta. The action of ε ∈ ∆,
denoted by 〈ε〉 : Ta → Ta , maps a character ξ ∈ Ta to the character ξε defined by ξε(α) ≔ ξ(εα).
In terms of the coordinate ring, the isomorphism 〈ε〉 : Ta → Ta is given by tα 7→ tεα for any
α ∈ a.
For any torsion point ξ ∈ Ta(Q), we define a function ξ∆ on a to be the sum over the ∆-orbit
of ξ, i.e.,
ξ∆ ≔
∑
ε∈∆ξ \∆
ξε,
where ∆ξ ≔ {ε ∈ ∆ | ξε = ξ} ⊂ ∆ is the isotropic subgroup of ξ. By definition, ξ∆ satisfies
ξε∆ = ξ∆ for any ε ∈ ∆ and defines a map ξ∆ : ∆\a → Q. We define the Lerch zeta function as
follows.
Definition 2.1. Let a be a nonzero fractional ideal of F, and let ξ be a torsion point of Ta(Q).
We define the Lerch zeta function for ξ∆ by the series
(3) L(ξ∆, s) ≔
∑
α∈∆\a+
ξ∆(α)N(a−1α)−s
for s ∈ C with Re(s) > 1.
This is a natural generalization of the Lerch zeta function defined in [3, Definition 1.3]. The
sum converges absolutely for Re(s) > 1. The function continues meromorphically to the whole
complex plane, and is entire if ξ , 1.
We next introduce the set Ttors as a natural parameter space for the Lerch zeta functions. The
action of ∆ on Ta generalizes to isomorphisms given by elements of F×
+
as follows. For any
x ∈ F×
+
, the multiplication by x gives an isomorphism a  xa ofOF-modules, and hence induces
an isomorphism of group schemes
(4) 〈x〉 : Txa → Ta .
Explicitly, this isomorphism maps any character ξ ∈ Txa(R) to the character ξ x ∈ Ta(R) given
by ξ x(α) ≔ ξ(xα) for α ∈ a. If I denotes the group of nonzero fractional ideals of F, then
T ≔
∐
a∈I T
a has a natural action of F×
+
given by the isomorphism
(5) 〈x〉 : T→ T
for any x ∈ F×
+
obtained as the collection of isomorphisms 〈x〉 : Txa → Ta for all a ∈ I.
Definition 2.2. We define T (Q) to be the quotient set
T (Q) ≔ T(Q)/F×
+
,
and let Ttors ⊂ T (Q) be the set of points in T (Q) represented by torsion points of Ta(Q) for
a ∈ I. Note that if we fix a set of fractional ideals C of F representing the narrow ideal class
group Cl+F(1) ≔ I/P+ (where P+ ≔ {(x) | x ∈ F
×
+
}), then we have T (Q) =
∐
a∈C(T
a(Q)/∆).
The following lemma shows thatTtors is the natural parameter space for theLerch zeta functions.
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Lemma 2.3. Let a be a nonzero fractional ideal of F and let x ∈ F×
+
. Then for any torsion point
ξ ∈ Txa(Q), we have
L(ξ∆, s) = L(ξ x∆, s),
where ξ x is the torsion point of Ta(Q) corresponding to ξ through the isomorphism (4). In other
words, the Lerch zeta function depends only on the class of ξ in Ttors.
Proof. By definitions of the Lerch zeta functions and of ξ x, we have
L(ξ∆, s) =
∑
β∈∆\xa+
ξ∆(β)N(a−1x−1β)−s =
∑
α∈∆\a+
ξ∆(xα)N(a−1α)−s = L(ξ x∆, s)
as desired. 
We will show in Proposition 2.7 that the Lerch zeta functions may be used to express the
Hecke L-functions of Hecke characters of F. We first review some results concerning the finite
Fourier transform. For a fractional ideal a ∈ I and a nonzero integral ideal g, we denote by
Ta[g] ≔ HomZ(a/ga,Q
×
) the character group of the finite abelian group a/ga. We call it the
group of g-torsion points of Ta(Q), since the OF-action on a induces an OF-module structure
on Ta(Q), and its submodule of g-torsion points is identified with Ta[g] through the natural
inclusion Ta[g] ֒→ Ta(Q). Now, for a function φ : a/ga → C and ξ ∈ Ta[g], let
cφ(ξ) ≔ Ng
−1
∑
β∈a/ga
φ(β)ξ(−β).
Then by the Fourier inversion formula for functions on a/ga, we have
φ(α) =
∑
ξ∈Ta[g]
cφ(ξ)ξ(α)
for any α ∈ a/ga. Moreover, if φε = φ for any ε ∈ ∆, where φε is the function on a/ga defined
by φε(α) = φ(εα), then we have cφ(ξε) = cφ(ξ), hence we see that
(6) φ(α) =
∑
ξ∈Ta[g]/∆
cφ(ξ)ξ∆(α)
for any α ∈ a/ga in this case.
In what follows, for any nonzero integral ideal g of F, we let Cl+F(g) be the narrow ray class
group of F modulo g. That is, we let Cl+F(g) ≔ Ig/P+(g), where Ig is the group of nonzero
fractional ideals of F prime to g and P+(g) ≔ {(x) | x ∈ F×+ , x ≡ 1mod
× g}. For a ∈ I,
we denote by (a/ga)× the subset of a/ga consisting of all elements which generate a/ga as an
OF/g-module. Then we have the following description of Cl
+
F(g).
Lemma 2.4. For any a ∈ I, we have a well-defined map
(a/ga)× −→ Cl+F(g)
which sends a residue class of α ∈ a+ to the ray class of a−1α. Moreover, if C ⊂ I is a set
of representatives of the narrow ideal class group Cl+F(1), the above maps for a ∈ C induce a
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bijection ∐
a∈C
∆\(a/ga)× −→ Cl+F(g).
A finite Hecke character of F is a homomorphism χ : Cl+F(g) → C
× for some integral ideal
g. By composing with the map (a/ga)× → Cl+F(g) given in Lemma 2.4, we define a map
χa : (a/ga)× → C× for each a ∈ I. Then we have
(7) χab(αβ) = χa(α)χb(β)
for any a, b ∈ I and α ∈ (a/ga)×, β ∈ (b/gb)×.
By extension by zero, we will often regard χ as a map χ : I → C, and χa as a map
χa : a/ga → C. Then the above formula (7) holds for any α ∈ a and β ∈ b.
Definition 2.5. Let χ : Cl+F(g) → C
× be a finite Hecke character. For any ξ ∈ Ta[g], we let
cχ(ξ) ≔ cχa (ξ).
Note that by definition, for any ε ∈ ∆, we have χεa = χa , hence cχ(ξ
ε) = cχ(ξ) for any ξ ∈ Ta[g].
Lemma 2.6. Let a ∈ I and x ∈ F×
+
. Then for any torsion point ξ ∈ Txa[g], we have
cχ(ξ) = cχ(ξ
x),
where ξ x is the torsion point of Ta[g] corresponding to ξ through the isomorphism (4). In other
words, the constant cχ(ξ) depends only on the class of ξ in Ttors.
Proof. We have
cχ(ξ) = Ng
−1
∑
β∈xa/gxa
χxa(β)ξ(−β) = Ng
−1
∑
α∈a/ga
χa(α)ξ(−xα) = cχ(ξ
x)
as desired. 
Let T [g] ≔
(∐
a∈I T
a[g]
)
/F×
+
, which is a finite set. The Hecke L-function L(χ, s) associated
to a finite Hecke character χ : Cl+F(g) → C
× is defined by the series
L(χ, s) =
∑
a⊂OF
χ(a)Na−s,
which is absolutely convergent for Re(s) > 1. The Hecke L-function may be expressed in terms
of the Lerch zeta functions as follows.
Proposition 2.7. Let χ : Cl+F(g) → C
× be a finite Hecke character and let L(χ, s) be the Hecke
L-function of χ. Then we have
(8) L(χ, s) =
∑
ξ∈T [g]
cχ(ξ)L(ξ∆, s).
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Proof. In what follows, we let C ⊂ I be a set of representatives of the group Cl+F(1). Then
{a−1 | a ∈ C} also represents the group Cl+F(1), and the set of integral ideals of F is given by
{a−1α | a ∈ C, α ∈ a+}. By definition of the Hecke L-function, we have
L(χ, s) =
∑
a⊂OF
χ(a)Na−s =
∑
a∈C
∑
α∈∆\a+
χ(a−1α)N(a−1α)−s =
∑
a∈C
∑
α∈∆\a+
χa(α)N(a
−1α)−s
=
∑
a∈C
∑
α∈∆\a+
∑
ξ∈Ta[g]/∆
cχ(ξ)ξ∆(α)N(a
−1α)−s =
∑
a∈C
ξ∈Ta[g]/∆
cχ(ξ)L(ξ∆, s),
where the fourth equality follows from (6) and the last equality follows from the definition of
the Lerch zeta function (3). This proves our equality (8), since we have a natural bijection
T [g] 
∐
a∈C(T
a[g]/∆). 
Recall that a Hecke character χ : Cl+F(g) → C
× is called primitive of conductor g if it does not
factor through Cl+F(g
′) for any g′ ) g. Similarly, we say that an additive character ξ ∈ Ta[g]
is primitive if it does not factor through a/g′a for any g′ ) g. When the Hecke character is
primitive, we may restrict the sum in (8) to the subset of primitive additive characters. We
denote by Ta0[g] the set of primitive elements in T
a[g], and set T0[g] ≔
(∐
a∈I T
a
0[g]
)
/F×
+
.
Proposition 2.8. If a finite Hecke character χ : Cl+F(g) → C
× is primitive, then cχ(ξ) = 0 holds
for any non-primitive ξ ∈ Ta[g]. Thus we have
(9) L(χ, s) =
∑
ξ∈T0[g]
cχ(ξ)L(ξ∆, s).
Proof. Let ξ ∈ Ta[g′] for some g′ ) g. Since χ does not factor through Cl+F(g
′), there exists
an element γ ∈ OF+ prime to g such that γ ≡ 1 (mod g′) and χOF (γ) , 1. Then we have
ξ(α) = ξ(γα) for any α ∈ a, hence
cχ(ξ) = Ng
−1
∑
α∈a/ga
χa(α)ξ(−α) = Ng
−1
∑
α∈a/ga
χa(γα)ξ(−γα)
= Ng−1 χOF (γ)
∑
α∈a/ga
χa(α)ξ(−α) = χOF (γ)cχ(ξ).
This shows that cχ(ξ) = 0 as desired, and the identity (9) follows immediately from (8). 
Remark 2.9. By [29, Tag 04TK Theorem 17.3], the quotient
T ≔ T/F×
+
of T ≔
∐
a∈I T
a with respect to the action of F×
+
is an algebraic stack. Then the set T (Q) of
Definition 2.2 is the set of Q-valued points of T . By construction, we have an isomorphism
T 
∐
a∈C(T
a/∆) as algebraic stacks, where C is a set of fractional ideals of F representing the
classes of Cl+F(1).
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2.2. The Shintani Generating Class. In this section, we construct the Shintani generating class
following [3, §4], however as an equivariant cohomology class in U ≔
∐
a∈I U
a with respect to
the action of F×
+
, where Ua ≔ Ta \ {1} for any a ∈ I.
We first review the definition of equivariant cohomology. Let G be a group with identity e. In
what follows, we let X be a G-scheme, i.e., a scheme X equipped with a right action of G. We
denote by [u] : X → X the action of u ∈ G, so that [uv] = [v] ◦ [u] for any u, v ∈ G holds. A
G-equivariant sheaf F on X is a quasi-coherent sheaf on X with isomorphisms ιu : [u]∗F  F
for any u ∈ G, such that ιe = id and the diagram
[uv]∗F
ιuv // F
[u]∗[v]∗F
[u]∗ιv // [u]∗F
ιu
OO
is commutative for any u, v ∈ G. The structure sheafOX itself is naturally a G-equivariant sheaf.
We define the equivariant global section of a G-equivariant sheaf F by
Γ(X/G,F ) ≔ HomZ[G](Z, Γ(X,F )) = Γ(X,F )
G .
Definition 2.10. For any integer m, we define the equivariant cohomology Hm(X/G,F ) of a
G-equivariant sheaf F to be the group obtained by applying to F the m-th derived functor of
Γ(X/G, −).
Let π : G → H be a homomorphism between groups. For a G-scheme X and an H-scheme
Y , we say that a morphism of schemes f : X → Y is equivariant, if the actions of G and H
are compatible with f through π. For such f , if F is an H-equivariant sheaf on Y , then f ∗F
naturally has a structure of a G-equivariant sheaf on X , and f induces a pullback morphism on
equivariant cohomology
f ∗ : Hm(Y/H,F ) → Hm(X/G, f ∗F ).
We now consider the scheme T of §2.1. Again, we let F be a totally real field of degree
g ≔ [F : Q], and we denote by F×
+
the set of totally positive elements in F×. For any fractional
ideal a ∈ I, we letTa ≔ HomZ(a,Gm). Then by the action given in (5), the schemeT ≔
∐
a∈I T
a
is an F×
+
-scheme. For any x ∈ F×
+
, the isomorphism 〈x〉 : T  T is the collection of isomorphisms
〈x〉 : Txa  Ta induced from the isomorphism a  xa given by the multiplication by x for any
a ∈ I.
Remark 2.11. LetC be a set of fractional ideals of F representing the classes of Cl+F(1). Then the
category of F×
+
-equivariant sheaves on T is equivalent to the category of ∆-equivariant sheaves
on
∐
a∈C T
a.
Next for a ∈ I, let Ua ≔ Ta \ {1}. Then any x ∈ F×
+
induces an isomorphism 〈x〉 : Uxa → Ua ,
hence U ≔
∐
a∈I U
a is also an F×
+
-scheme. We will now construct the equivariant Čech
complex, which may be used to express the equivariant cohomology of U with coefficients in an
equivariant sheaf F on U.
Definition 2.12. For any fractional ideal a in I, we say that α ∈ a+ is primitive, if α/N < a+ for
any integer N > 1. We let Aa ⊂ a+ be the set of primitive elements of a+.
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If we let Uaα ≔ T
a \ {tα = 1} for any α ∈ Aa, then Ua ≔ {Uaα}α∈Aa gives an affine
open covering of Ua with a natural action of ∆, and U ≔ {Uaα}a∈I,α∈Aa gives an affine open
covering of U =
∐
a∈I U
a with a natural action on F×
+
. Let q be an integer ≥ 0. For any
α = (α0, . . . , αq) ∈ A
q+1
a , we let U
a
α
≔ Uaα0 ∩ · · · ∩U
a
αq
. For an F×
+
-equivariant sheaf F on U,
we write Fa for the restriction of F to Ua , and denote by
alt∏
α∈A
q+1
a
Γ(Ua
α
,Fa)
the subgroup of
∏
α∈A
q+1
a
Γ(Ua
α
,Fa) consisting of collections s = (sα) of sections such that
sρ(α) = sgn(ρ)sα for any ρ ∈ Sq+1 and sα = 0 if αi = αj for some i , j.
For any x ∈ F×
+
and α = (α0, . . . , αq) ∈ A
q+1
a , let xα = (xα0, . . . , xαq). Then 〈x〉 : U
xa −→ Ua
induces Uxaxα

−→ Ua
α
, and we have isomorphisms
Γ(Uaα,Fa)
〈x〉∗
 Γ(Uxaxα, 〈x〉
∗
Fa)
ιax
 Γ(Uxaxα,Fxa),
which define a natural action of the group F×
+
on
∏
a∈I
∏alt
α∈A
q+1
a
Γ(Uaα,Fa). Then we have the
following.
Proposition 2.13. Let C•(U/F×
+
,F ) be the complex given by
Cq(U/F×
+
,F ) ≔
(∏
a∈I
alt∏
α∈A
q+1
a
Γ(Ua
α
,Fa)
)F×
+
for any integer q ≥ 0, and the differential dq : Cq(U/F×
+
,F ) → Cq+1(U/F×
+
,F ) is defined by
the alternating sum
(10) (dq f )α0···αq+1 ≔
q+1∑
j=0
(−1) j fα0···α˘j ···αq+1

U(α0, · · ·,αq+1)
.
Then for any integer m ≥ 0, the equivariant cohomology Hm(U/F×
+
,F ) is given as
Hm(U/F×
+
,F ) = Hm(C•(U/F×
+
,F )).
Proof. Similarly to Remark 2.11, the category of F×
+
-equivariant sheaves on U is equivalent to
the category of ∆-equivariant sheaves on
∐
a∈C U
a , where C is a set of fractional ideals of F
representing the classes of Cl+F(1). Then we have
Cq(U/F×
+
,F ) 
∏
a∈C
( alt∏
α∈A
q+1
a
Γ(Ua
α
,Fa)
)∆
.
Our assertion now follows from [3, Corollary 3.6]. 
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Remark 2.14. Again from [29, Tag 04TK Theorem 17.3], we see that the quotient U ≔ U/F×
+
is an algebraic stack. By [29, Tag 06WT Proposition 13.1] and [29, Tag 03LL Lemma 16.2], the
category of F×
+
-equivariant sheaves on U is equivalent to the category of quasi-coherent sheaves
on U . This implies that the equivariant cohomology of U is simply the cohomology of the
algebraic stack U .
Now we proceed to the construction of the Shintani generating class. Note that we have a
canonical isomorphism
F ⊗ R  RI ≔
∏
τ∈I
R, α ⊗ 1 7→ (ατ),
where I = Hom(F,Q) and we let ατ ≔ τ(α) for any embedding τ ∈ I. We denote by
RI
+
≔
∏
τ∈I R+ the set of totally positive elements of R
I , where R+ is the set of positive real
numbers.
Definition 2.15. An F-rational closed polyhedral cone in RI
+
∪ {0}, which we also call simply
a cone, is a set of the form
σα ≔ {x1α1 + · · · + xmαm | x1, . . . , xm ∈ R≥0}
for some m ≥ 0 and α = (α1, . . . , αm) ∈ Fm+ . In this case, we say that α is a generator of σα. A
cone is said to be simplicial, if it has a generator linearly independent over R.
We define the dimension dimσ of a coneσ to be the dimension of theR-vector space generated
by σ. Note that, when a fractional ideal a is given, any m-dimensional simplicial cone has a
generator belonging to A ma , unique up to permutation.
In what follows, we fix a numbering I = {τ1, . . . , τg} of elements in I. For any subset
R ⊂ RI
+
∪ {0}, we let
R˘ ≔ {(uτ1, . . . , uτg) ∈ R
I
+
| ∃δ > 0, 0 < ∀δ′ < δ, (uτ1, . . . , uτg−1, uτg − δ
′) ∈ R}.
Then, for a cone σ, σ˘ is nonempty if and only if σ is g-dimensional (cf. [28, Lemma 5.3]).
We define the function Gaσ(t) following [3, Lemma 4.1] as follows.
Definition 2.16. Let a ∈ I and α = (α1, . . . , αg) ∈ A
g
a , and put σ = σα. Then we define
Gaσ(t) ≔
∑
α∈P˘α∩a
tα
(1 − tα1) · · · (1 − tαg)
∈ Γ(Ua
α
,OT),
where Pα ≔ {x1α1 + · · · + xgαg | ∀i 0 ≤ xi < 1} is the parallelepiped spanned by α1, . . . , αg.
The notation Gaσ(t) is justified by the fact that the generator α ∈ A
g
a is determined up to
permutation by a and σ if dimσ = g, while Gaσ(t) is zero if dimσ < g since P˘α = ∅ in this
case. We may also use the formal expansion
Gaσ(t) =
∑
α∈σ˘∩a
tα,
which depends only on a and σ. For any α = (α1, . . . , αg) ∈ A
g
a , let
(
α
τi
j
)
be the matrix in
Mg(R) whose (i, j)-component is α
τi
j
. We let sgn(α) ∈ {0,±1} be the signature of det
(
α
τi
j
)
. The
Shintani generating class is constructed as in [3, Proposition 4.2] as follows.
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Proposition 2.17. For any a ∈ I and α ∈ A ga , let
Ga
α
≔ sgn(α)Gaσα(t) ∈ Γ(U
a
α
,OT).
Then (Ga
α
) is a cocycle in Cg−1(U/F×
+
,OT), hence defines a cohomology class
G ≔ [Gaα] ∈ H
g−1(U/F×
+
,OT),
which we call the Shintani generating class.
Proof. The fact that the collection (Ga
α
) is invariant under the action of F×
+
follows from the
construction. The cocycle condition is proved using the same argument as that of [3, Proposition
4.2], again using the formula of [28, Proposition 6.2]. (See the proof of Theorem 3.8 below for
a similar argument). 
When F = Q, the Shintani generating class G is simply the class represented by the rational
function
G(t) =
t
1 − t
∈ Γ(U,OGm) = H
0(U,OGm)
on U = Gm \ {1}.
3. Construction of the p-adic Polylogarithms
Let p be a rational prime. In this section, we will define the p-adic polylogarithm as a class
in equivariant cohomology of a certain rigid analytic space. In what follows, we fix a finite
extension K of Qp in Cp containing Fτ ≔ τ(F) for all τ ∈ I. For any ring R, we denote by
R̂ := lim
←−m
R/pmR the p-adic completion of R.
3.1. The p-adic PolylogarithmFunction. Let a ∈ I. We denote by T̂a
K
the rigid analytic space
over K associated to the formal completion T̂a
OK
of Ta
OK
≔ Ta ⊗ OK with respect to the special
fiber. If we let A ≔ OK [tα | α ∈ a], then since TaOK = Spec A, we have T̂
a
OK
= Spf Â and
T̂a
K
= Sp (Â ⊗ K) (see for example [8, §7.4 Proposition 3]). Similarly, for any α ∈ Aa , we let
Ûa
αOK
be the formal scheme over OK obtained as the p-adic completion of the affine scheme
Uaα ≔ T
a \ {tα = 1}, and Ûa
αK
the associated rigid analytic space over K . Then we define a rigid
analytic subspace Ûa
K
of T̂a
K
by
ÛaK ≔
⋃
α∈Aa
ÛaαK .
This Ûa
K
coincides with T̂a
K
minus the residue disc around the identity, and the set Ûa
K
≔{
Ûa
αK
}
α∈Aa
gives an affinoid open covering of Ûa
K
.
Any torsion point ξ ∈ Ta(Q) canonically defines a K(ξ)-valued point ξ′ : SpK(ξ) → T̂a
K
as
rigid analytic spaces. In what follows, for any rigid analytic subspace U ⊂ T̂K , we say that ξ
lies in U if ξ′ does. Abusing notation, we often denote ξ′ by ξ. Note that ξ lies in Ûa
αK
if and
only if ξ(α) . 1 modulo the maximal ideal of OK(ξ). In particular, any torsion point ξ ∈ T
a(Q)
which is not of p-power order lies in Ûa
K
.
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For any a ∈ I, we denote by (a ⊗ Zp)× the set of generators of the OF ⊗ Zp-module a ⊗ Zp,
i.e., the set of x ∈ a ⊗ Zp such that (OF ⊗ Zp)x = a ⊗ Zp. Equivalently, we may write it as
(a ⊗ Zp)
×
= lim
←−
m
(a/pma)×.
In particular, for α ∈ a, we have α ⊗ 1 ∈ (a ⊗ Zp)× if and only if p-adic valuation of α is equal
to that of a for every prime p | (p). In the following, we write simply α for α ⊗ 1 ∈ a ⊗ Zp.
We define the p-adic polylogarithm function first as a formal power series as follows.
Definition 3.1. Let a ∈ I. For α ∈ A ga , σ = σα and k ∈ Z
I , we define the p-adic polylogarithm
function Lia,(p)
k,σ
(t) by the formal power series
(11) Lia,(p)
k,σ
(t) ≔
∑
α∈σ˘∩a
α∈(a⊗Zp )
×
α−k tα,
where α−k ≔
∏
τ∈I(α
τ)−kτ .
In the following, we will denote Lia,(p)
k,σ
(t) by Li(p)
k,σ
(t) for simplicity.
Remark 3.2. (1) If F = Q and a = Z, then we may take u = 1. The only element of Aa is
1, which spans the cone σ = R≥0. In this case, for any integer k ∈ N, the function
Li(p)
k,σ
(t) =
∑
α∈N+
α∈Z×p
α−k tα =
∞∑
n=1
(n,p)=1
n−k tn
is the p-adic polylogarithm function ℓ(p)(t) of [13, (3.2.2)], which coincides with the
function (2) of §1.
(2) If dimσ < g, then we have Li(p)
k,σ
(t) = 0 since σ˘ = ∅.
The power series Li(p)
k,σ
(t) of Definition 3.1 belongs, a priori, to the completion Kntα | α ∈ a+o
of the semigroup ring K[tα | α ∈ a+] with respect to the ideal generated by tα for all α ∈ a+. In
fact, it lives in a smaller ring given below.
Lemma 3.3. For a ∈ I and α = (α1, . . . , αg) ∈ A
g
a , we set B ≔ OK [t
α | α ∈ a+] and
(12) Bα ≔ B
[
1
1 − tα1
, · · · ,
1
1 − tαg
]
.
Then, for σ = σα, we have Li
(p)
k,σ
(t) ∈ B̂α ⊗ K . More precisely, Li
(p)
k,σ
(t) belongs to the image of
the natural inclusion
(13) B̂α ⊗ K ֒→ Knt
α | α ∈ a+o.
Proof. It is sufficient to prove that, for a fixed u ∈ (a−1 ⊗ Zp)×, u−kLi
(p)
k,σ
(t) belongs to the image
of B̂α. We denote by Pα the parallelepiped generated by α, and let Rm ≔ pmP˘α ∩ a for any
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integer m ≥ 0. Then we put
fm(t) ≔
1∏g
i=1
(1 − tαip
m
)
∑
α∈Rm
α∈(a⊗Zp )
×
(uα)−k tα.
In the sum, since (uα)τ ∈ O×
K
for any τ ∈ I, we have (uα)−k ∈ O×
K
, hence fm(t) ∈ B̂α. Since
σ˘ ∩ a =
∐
n1,...,ng∈N
(Rm + α1p
mn1 + . . . + αgp
mng)
and
1∏g
i=1
(1 − tαip
m
)
=
∑
n1,...,ng∈N
tα1p
mn1+···+αgp
mng,
we see from the definition of the formal power series Li(p)
k,σ
(t) that
u−kLi(p)
k,σ
(t) =
∑
α∈σ˘∩a
α∈(a⊗Zp )
×
(uα)−k tα ≡ fm(t) (mod p
mOKnt
α | α ∈ a+o).
In particular, we have fm(t) ≡ fn(t) (mod pmB̂α) for any integer n ≥ m, hence the sequence(
fm(t)
)
m∈N
is a Cauchy sequence in B̂α for the p-adic topology. Thus the p-adic limit
u−kLi(p)
k,σ
(t) = lim
m→∞
fm(t)
gives an element in B̂α, as desired. 
In what follows, for any α = (α0, . . . , αq) ∈ A
q+1
a , let Û
a
αK
≔ Ûa
α0K
∩ · · · ∩ Ûa
αqK
. Noting that
A = OK[t
α | α ∈ a], if we let
Aα ≔ A
[
1
1 − tα0
, · · · ,
1
1 − tαq
]
,
then we have Ûa
αK
= Sp (Âα ⊗ K).
Proposition 3.4. For a ∈ I, α ∈ A ga and σ = σα, the p-adic polylogarithm function Li
(p)
k,σ
(t)
defines a rigid analytic function on Ûa
αK
.
Proof. It follows from Lemma 3.3, since we have a natural inclusion B̂α ⊂ Âα. 
Wewill next consider the differential equation satisfied by the functions Li(p)
k,σ
(t). For any τ ∈ I
and a ∈ I, we let ∂τ be the differential operator
(14) ∂τ ≔
g∑
j=1
γτj ∂log γ j
on Ta for a choice of Z-basis γ1, . . . , γg of a, where ∂log γ ≔ tγ
∂
∂tγ
for any γ ∈ a.
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Lemma 3.5. The differential operators ∂τ act on any tα for α ∈ a by ∂τtα = ατtα. In particular,
∂τ is independent of the choice of the basis γ1, . . . , γg.
Proof. For a Z-basis γ1, . . . , γg of a, we have ∂τtγ j = γτj t
γ j . For any α ∈ a, if we write
α = m1γ1 + · · · + mgγg for m = (m j) ∈ Zg, then we have
∂τt
α
= ∂τ
(
(tγ1)m1 · · · (tγg)mg
)
=
g∑
j=1
m jγ
τ
j
(
(tγ1)m1 · · · (tγg)mg
)
= ατtα
as desired. 
In fact, ∂τ corresponds to the differential operator
1
2πi
∂
∂zτ
through the uniformization (F ⊗
C)/a∗  T(C), where z = (zτ) ∈ F ⊗ C  CI and a∗ ≔ {β ∈ F | Tr(βa) ⊂ Z}. See [3, §4] for
details. The functions Li(p)
k,σ
(t) for k ∈ ZI satisfy the following differential equations.
Proposition 3.6. Let a ∈ I and α ∈ A ga . For k = (kτ) ∈ Z
I , let Li(p)
k,σ
(t) be the p-adic
polylogarithm function for the cone σ = σα on the rigid analytic space ÛaαK . Then we have
∂τLi
(p)
k,σ
(t) = Li(p)
k−1τ,σ
(t),
where 1τ ∈ ZI is the element with 1 in the τ-component and zero in the other components.
Proof. By the formula ∂τ(tα) = ατtα of Lemma 3.5, we can define the operator ∂τ on the ring
Kntα | α ∈ a+o, and then on B̂α ⊗ K through the inclusion (13). The statement regarded as
an equality in Kntα | α ∈ a+o follows from the definition (11) of Li
(p)
k,σ
(t). Since the inclusion
B̂α ⊗ K ֒→ Âα ⊗ K is compatible with ∂τ, we obtain the result. 
3.2. The p-adic polylogarithm. In this subsection, we show that the p-adic polylogarithm func-
tions for various fractional ideals and cones combine together to give the p-adic polylogarithm.
We consider the rigid analytic spaces T̂K ≔
∐
a∈I T̂
a
K
and ÛK ≔
∐
a∈I Û
a
K
on which F×
+
naturally acts. We first define the F×
+
-equivariant sheaf O
T̂K
(k) on T̂K as follows.
Definition 3.7. For any k = (kτ) ∈ ZI , we define an F×+ -equivariant sheaf OT̂K (k) on T̂K as
follows. As an O
T̂K
-module we let O
T̂K
(k) ≔ O
T̂K
, and we define the F×
+
-equivariant structure
ιx : 〈x〉
∗
O
T̂K
(k)  O
T̂K
(k)
to be the multiplication by x−k ≔
∏
τ∈I(x
τ)−kτ for any x ∈ F×
+
.
The rigid analytic space ÛK has an affinoid open covering ÛK ≔ {ÛaαK}a∈I,α∈Aa . Then,
similarly to Proposition 2.13, the Čech complex C•
(
ÛK/F
×
+
,O
T̂K
(k)
)
is defined by
Cq
(
ÛK/F
×
+
,O
T̂K
(k)
)
≔
(∏
a∈I
alt∏
α∈A
q+1
a
Γ
(
Ûa
α
,O
T̂a
K
(k)
))F×
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with the standard alternating derivative as in (10). Then we may define the equivariant p-adic
cohomology as
Hm(ÛK/F
×
+
,O
T̂K
(k)) ≔ Hm
(
C•
(
ÛK/F
×
+
,O
T̂K
(k)
) )
.
Theorem 3.8. Let k ∈ ZI . For any a ∈ I and α ∈ A ga , we let
Li(p)
k,α
(t) ≔ sgn(α)Li(p)
k,σα
(t) ∈ Γ(Ûaα,OT̂a
K
(k)),
where Li(p)
k,σα
(t) is the p-adic polylogarithm function for the cone σα, regarded as an element
of Γ(Ûa
α
,O
T̂a
K
(k)) via Proposition 3.4. Then
(
Li(p)
k,α
(t)
)
gives a cocycle in Cq
(
ÛK/F
×
+
,O
T̂K
(k)
)
,
hence defines a class
Li(p)
k
(t) ∈ Hg−1
(
ÛK/F
×
+
,O
T̂K
(k)
)
,
which we call the p-adic polylogarithm.
Proof. By construction,
(
sgn(α)Li(p)
k,σα
(t)
)
defines an element in
∏
a∈I
∏alt
α∈A
g
a
Γ
(
Ûa
αK
,O
T̂a
K
(k)
)
.
For any x ∈ F×
+
, the function Li(p)
k,σ
(t) satisfies
〈x〉∗Li(p)
k,σ
(t) =
∑
α∈σ˘∩a
α∈(a⊗Zp )
×
1
αk
t xα = xk
∑
α∈x(σ˘∩a)
α∈(xa⊗Zp )
×
1
αk
tα = xkLi(p)
k,xσ
(t) ∈ Γ(Ûxaxα,OT̂xa
K
(k)),
hence we see through the isomorphism ιx : 〈x〉∗OT̂K (k)  OT̂K (k) as in Definition 3.7 that the
element
Li(p)
k
(t) =
(
sgn(α)Li(p)
k,σα
(t)
)
∈
∏
a∈I
alt∏
α∈A
g
a
Γ
(
Ûa
α
,O
T̂a
K
(k)
)
is invariant with respect to the action of F×
+
, that is Li(p)
k
(t) ∈ Cg−1
(
ÛK/F
×
+
,O
T̂K
(k)
)
. The fact
that Li(p)
k
(t) is a cocycle follows from the linear relation of characteristic functions
g∑
j=0
(−1) jsgn(α0, . . . , α˘j, . . . , αg)1σ˘α0,...,α˘j ,...,αg = 0
for any (α0, . . . , αg) ∈ A
g+1
a given in [28, Proposition 6.2]. This proves that Li
(p)
k
(t) defines a
class in Hg−1(ÛK/F×+ ,OT̂(k)) as desired. 
The differential operator ∂τ on T̂aK for a ∈ I gives, for each k ∈ Z
I , a morphism of abelian
sheaves
∂τ : OT̂K (k) → OT̂K (k − 1τ)
compatible with the action of F×
+
(recall that 1τ ∈ ZI is the element with 1 in the τ-th component
and 0 in the other components). This induces a homomorphism
∂τ : H
m
(
ÛK/F
×
+
,O
T̂K
(k)
)
→ Hm
(
ÛK/F
×
+
,O
T̂K
(k − 1τ)
)
P-ADIC POLYLOGARITHM 17
on equivariant cohomology. The following formula is an immediate consequence of Proposition
3.6.
Proposition3.9. For any k ∈ ZI , the p-adic polylogarithmclass satisfies the differential equation
∂τLi
(p)
k
(t) = Li(p)
k−1τ
(t).
4. p-adic Interpolation of Lerch Zeta Values
The purpose of this section is to construct a p-adic measure interpolating the special values
of Lerch zeta functions. We will then use this measure to construct the p-adic L-functions of
Hecke characters of the totally real field F.
4.1. The p-adic interpolations of Lerch zeta and Hecke L-values. In this subsection, we
will state the main results of this section, concerning certain p-adic measures which interpolate
the values of Lerch zeta functions and Hecke L-functions at nonpositive integers. The actual
constructions of such measures will be given in §4.3 and §4.4.
First, we consider the quotient topological space ∆\(a ⊗ Zp) of a ⊗ Zp by the action of the
closure ∆ of ∆ in OF ⊗ Zp. This space may be written as
∆\(a ⊗ Zp) = lim←−
m
∆\(a/pma).
We define the norm function N̂a : ∆\(a ⊗ Zp) → Zp as the limit of the functions
∆\(a/pma) −→ Zp/p
mZp; α 7−→ N(a
−1α) mod pm,
where the representative α is chosen from a+. In other words, N̂a is a continuous function
determined by N̂a(α ⊗ 1) = N(a−1α) for α ∈ a+. Then we have an identity
(15) N̂a(x) = Na
−1N(x)
for any x ∈ a ⊗ Zp, where N(x) is defined to be the product of xτ ∈ K for all τ ∈ I.
We say that a function φ on a fractional ideal a is periodic if there exists a nonzero integral
ideal g of F such that φ factors through a/ga. If a periodic function φ : a → C is invariant under
the action of ∆, we define
L(φ, s) ≔
∑
α∈∆\a+
φ(α)N(a−1α)−s .
For φ = ξ∆, this recovers the definition of the Lerch zeta function L(ξ∆, s).
Theorem 4.1 (p-adic interpolation of Lerch zeta values). Let a ∈ I and ξ be a torsion point
of Ta whose order is not a p-power. Then there exists a unique measure µξ∆ on ∆\(a ⊗ Zp)
satisfying the interpolation property∫
∆\(a⊗Zp )
ξp∆(x)N̂a(x)
k dµξ∆(x) = L(ξ∆ ξp∆,−k)
for any ξp ∈ Ta[p∞] ≔
⋃
m≥0 T
a[pm] and any k ∈ N.
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Next, let us consider the projective limit
Cl+F(p
∞) ≔ lim
←−
m
Cl+F(p
m)
of the narrow ray class groups of p-power moduli, with respect to the natural homomorphisms
Cl+F(p
m+1) → Cl+F(p
m). By taking the limit, Lemma 2.4 gives a map
(a ⊗ Zp)
× −→ Cl+F(p
∞)
for each a ∈ I, which we often denote by α 7−→ a−1α by abuse of notation (precisely speaking,
it makes sense only for α ∈ a+). Moreover, if we choose a set of representatives C ⊂ I for
Cl+F(1), we have a bijection
(16)
∐
a∈C
∆\(a ⊗ Zp)
× −→ Cl+F(p
∞),
where ∆ denotes the closure of ∆ in OF ⊗ Zp.
The norm on Cl+F(p
∞) is the homomorphism
N̂ : Cl+F(p
∞) −→ Z×p
defined as the limit of the maps
Cl+F(p
m) −→ (Z/pmZ)×; a 7−→ N(a) mod pm.
This N̂ is compatible with the norm function N̂a for a ∈ I through the inclusion ∆\(a ⊗ Zp)× →
Cl+F(p
∞), i.e., we have N̂(a−1α) = N̂a(α) for α ∈ ∆\(a ⊗ Zp)×.
Theorem 4.2 (p-adic interpolation of Hecke L-values). Let χ : Cl+F(g) → C
× be a finite primitive
Hecke character of conductor g, where g does not divide any power of (p). Then there exists a
unique measure µχ on Cl
+
F(p
∞) satisfying the interpolation property∫
Cl+F (p
∞)
χp(x)N̂(x)
kdµχ(x) =
(∏
p | (p)
(
1 − χχp(p)Np
−k
))
L(χχp,−k)
for any finite character χp : Cl
+
F(p
∞) → Q
×
and any k ∈ N.
Remark 4.3. In the setting of the above theorem, the product χχp of Hecke characters χ and χp
defines a character of Cl+F(g
′), where g′ is some integral ideal which differs from g only by some
powers of the prime divisors of (p). Note that the right hand side of the formula in Theorem
4.2 is independent of the choice of g′, since the Euler factors at the prime divisors of (p) are
deleted. In the following, we take g′ as large (with respect to inclusion of sets) as possible, and
thus regard χχp as a primitive Hecke character.
Note that, via the bijection (16), giving a measure on Cl+F(p
∞) is equivalent to giving a
collection of measures on ∆\(a ⊗ Zp)× with a running over a set of representatives C for Cl
+
F(1).
Roughly speaking, the measure µχ of Theorem 4.2 will be constructed from the measures µξ∆ of
Theorem 4.1 through this correspondence, since the Hecke L-function is a linear combination
of the Lerch zeta functions (Proposition 2.8). The detailed construction will be given in §4.4.
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On the other hand, the construction of µξ∆ is based on the p-adic interpolation of the Shintani
zeta functions, on which we discuss in §4.2. A Shintani zeta function is associated with a cone,
and we can express the Lerch zeta function in terms of Shintani zeta functions for a certain finite
collection of cones, called a Shintani decomposition. See §4.3 for the detail.
4.2. Shintani zeta functions and p-adic interpolation. In this subsection, we review the
definition of the Shintani zeta function, and will use the generating function of its values at
nonpositive integers to construct a p-adic measure interpolating these values.
Definition 4.4. Let a be a nonzero fractional ideal of F. For a periodic function φ : a → C and
a cone σ, we define the Shintani zeta function ζσ(φ, s) by
(17) ζσ(φ, s) ≔
∑
α∈σ˘∩a
φ(α)α−s,
where s = (sτ) ∈ CI and α−s ≔
∏
τ∈I(α
τ)−sτ . Moreover, for a single variable s ∈ C, we let
ζσ(φ, s) ≔ ζσ(φ, (s, . . . , s)) =
∑
α∈σ˘∩a
φ(α)N(α)−s .
The series (17) converges if Re(sτ) > 1 for any τ ∈ I. By [27, Proposition 1], this function has
a meromorphic continuation to the whole space CI .
For any τ ∈ I, we let ∂τ be the differential operator defined in (14), and write ∂k ≔
∏
τ∈I ∂
kτ
τ
for any k = (kτ) ∈ NI . The following theorem, based on the work of Shintani, is standard (see
for example [9, Théorème 5], [12, Lemme 3.2], [3, Proposition 4.3]).
Theorem 4.5. Let a ∈ I, and let σ be a g-dimensional cone generated by α ∈ A ga . Then, for
any torsion point ξ in Uaα(Q), we have
∂kGaσ(t)

t=ξ
= ζσ(ξ,−k),
where Gaσ(t) ∈ Γ(U
a
α,OT) is the function defined in Definition 2.16.
Let ξ ∈ Ta(Q) be a torsion point lying in Ua
α
. Then we may expand the rational function Gaσ
around ξ to obtain a power series
G˜aσ,ξ(T) ∈ Q(ξ)nT
α | α ∈ ao,
where Q(ξ)nTα | α ∈ ao denotes the completion of Q(ξ)[tα | α ∈ a] with respect to the ideal
generated by Tα ≔ ξ(α)−1tα − 1 for all α ∈ a. Note that, if we choose a Z-basis γ1, . . . , γg of a,
we may identify this ring with the usual ring Q(ξ)nTγ1, . . . ,Tγgo of formal power series.
Next, we further assume that the torsion point ξ lies in Ûa
αK
, i.e., ξ(αj) . 1modulo themaximal
ideal of OK(ξ) for j = 1, . . . , g. Then we see that
G˜aσ,ξ(T) ∈ OK(ξ)nT
α | α ∈ ao
by observing that
1
1 − tαj
=
1
1 − ξ(αj)(1 + Tαj )
=
∞∑
n=0
(ξ(αj)T
αj )n
(1 − ξ(αj))n+1
∈ OK(ξ)nT
α | α ∈ ao
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for j = 1, . . . , g. By Mahler’s theorem, this power series defines a p-adic measure µσ,ξ on a ⊗Zp
satisfying the following conditions.
Proposition 4.6. Let ξ be a torsion point lying in Ûa
αK
and put σ = σα. Then there exists a
unique measure µσ,ξ on a ⊗ Zp satisfying the interpolation property
(18)
∫
a⊗Zp
ξp(x)x
kdµσ,ξ(x) = ζσ(ξξp,−k)
for any ξp ∈ Ta[p∞] ≔
⋃
m∈N T
a[pm] and k ∈ NI .
Proof. The uniqueness follows from the fact that the elements of Ta[p∞] spans a dense subspace
in the space of continuous functions on a ⊗ Zp. To construct the measure, we fix a Z-basis
γ = (γ1, . . . , γg) of a, which gives an isomorphism Z
g
p  a ⊗ Zp of Zp-modules mapping
x = (x1, . . . , xg) to x · γ ≔ x1γ1 + · · · + xgγg. If we let Tj ≔ ξ(γ j)−1tγ j − 1 for j = 1, . . . , g,
then we have
G˜aσ,ξ(T) ∈ OK(ξ)nT1, . . . ,Tgo,
and Mahler’s Theorem (see for example [18, §3.7 Theorem 1]) gives a p-adic measure µγ
σ,ξ
on
Z
g
p satisfying ∫
Z
g
p
(1 + T1)
x1 · · · (1 + Tg)
xgdµ
γ
σ,ξ
(x) = G˜aσ,ξ(T) ∈ OK(ξ)nT1, . . . ,Tgo.
Then the measure µγ
σ,ξ
satisfies∫
Z
g
p
ξp(x · γ)x
n1
1
· · · x
ng
g dµ
γ
σ,ξ
(x) = ∂
n1
logT1
· · · ∂
ng
logTg
G˜aσ,ξ(T)

(Tj)=(ξp (γ j )−1)
= ∂
n1
log γ1
· · · ∂
ng
log γg
Gaσ(t)

t=ξξp
,
for any (n j) ∈ Ng, where ∂logTj ≔ (1 + Tj)
d
dTj
. By (14) and Theorem 4.5, we see that the p-adic
measure µσ,ξ on a ⊗ Zp induced by dµ
γ
σ,ξ
through the isomorphism Zgp  a ⊗ Zp satisfies the
interpolation property (18). 
Remark 4.7. Let x ∈ F×
+
, and consider the measures µσ,ξx on a ⊗ Zp and µxσ,ξ on xa ⊗ Zp,
where ξ is a torsion point lying in Ûxa
xαK
with α ∈ A ga and σ = σα. Then the push-forward
of µσ,ξx with respect to the multiplication by x is equal to µxσ,ξ. This follows either from the
equivariance 〈x〉∗Gaσ = G
xa
xσ of generating functions, or from the interpolation property (18).
4.3. p-adic Interpolation of Lerch Zeta Values. The Lerch zeta functions may be expressed
in terms of Shintani zeta functions via a choice of a Shintani decomposition. We will construct
a p-adic measure µξ∆ interpolating special values of Lerch zeta values, using the measures µσ,ξ
constructed in Proposition 4.6.
By [28, Proposition 5.6], there exists a set Φ of g-dimensional simplicial cones stable under
the action of ∆, such that ∆\Φ is finite and
RI
+
=
∐
σ∈Φ
σ˘.
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In this article, we call such Φ a Shintani decomposition of RI
+
. From the definition of the Lerch
zeta function in (3), we have the following.
Proposition 4.8. Let ξ be a torsion point of Ta(Q). If Φ is a Shintani decomposition, then we
have
L(ξ∆, s) = Nas
∑
σ∈∆\Φ
ζσ(ξ∆, s).
The following result is obtained by the same argument as in the proof of [3, Lemma 5.3], by
replacing the condition ξ(α) , 1 by ξ(α) . 1 modulo the maximal ideal of OK(ξ).
Lemma 4.9. Let ξ be a torsion point of Ta whose order is not a p-power. Then there exists a
Shintani decomposition Φξ of RI+ such that ξ lies in Û
a
αK
whenever α ∈ A ga is a generator of
some σ ∈ Φξ .
Now let us prove Theorem 4.1.
Proof of Theorem 4.1. Let ξ be a torsion point of Ta \Ta[p∞]. In what follows, we fix a Shintani
decomposition Φξ as in Lemma 4.9, and denote by µσ,ξ for σ ∈ Φξ the push-forward of the
measure µσ,ξ with respect to the projection a ⊗ Zp → ∆\(a ⊗ Zp). Then Remark 4.7 shows
that µσ,ξ depends only on the orbit of σ in ∆ξ\Φξ . Therefore, we may define a measure µξ∆ on
∆\(a ⊗ Zp) by
µξ∆ ≔
∑
σ∈∆ξ\Φξ
µσ,ξ .
If we choose a set of representatives Cξ of ∆ξ\Φξ , we see that∫
∆\(a⊗Zp)
ξp∆(x)N̂a(x)
k dµξ∆(x) =
∑
σ∈Cξ
∑
εp∈∆ξp \∆
∫
a⊗Zp
ξ
εp
p (x)N̂a(x)
k dµσ,ξ(x)
= Na−k
∑
σ∈Cξ
∑
εp∈∆ξp \∆
ζσ(ξξ
εp
p ,−k)
by the identity (15) and Proposition 4.6. Since we have
Nas
∑
σ∈Cξ
∑
εp∈∆ξp \∆
ζσ(ξξ
εp
p , s) =
∑
σ∈Cξ
∑
α∈σ˘∩a
∑
εp∈∆ξp \∆
ξ(α)ξ
εp
p (α)N(a
−1α)−s
=
∑
α∈∆\a+
∑
εp∈∆ξp \∆
ξ∆(α)ξ
εp
p (α)N(a
−1α)−s =
∑
α∈∆\a+
ξ∆(α)ξp∆(α)N(a
−1α)−s
= L(ξ∆ ξp∆, s),
our assertion follows by analytic continuation. 
We next investigate the restriction of the measure µξ∆ to ∆\(a ⊗ Zp)×. We first define a
p-modified variant of the Lerch zeta function.
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Definition 4.10. Let a be a fractional ideal of F, and let ξ be a torsion point of in Ta(Q). For
any rational prime p, we define the p-modified Lerch zeta function for ξ by
L(p)(ξ∆, s) ≔
∑
α∈∆\a+
α∈(a⊗Zp )
×
ξ∆(α)N(a−1α)−s .
We note that for any prime ideal p of F such that p | (p), we have
1p(x) ≔
1
Np
∑
ξp∈Ta[p]
ξp(x) =
{
1 x ∈ pa ⊗ Zp,
0 x < pa ⊗ Zp.
This shows that
1(a⊗Zp)×(x) ≔
∏
p | (p)
(
1 −
1
Np
∑
ξp∈Ta[p]/∆
ξp∆(x)
)
=
{
0 x < (a ⊗ Zp)
×,
1 x ∈ (a ⊗ Zp)
×,
which induces a function on ∆\(a ⊗ Zp). In what follows, let P ≔ {p ∈ SpecOF | p | (p)} be the
set of prime ideals of OF dividing (p) and let pJ ≔
∏
p∈J p for any J ⊂ P. Theorem 4.1 gives
the following corollary.
Corollary 4.11. Let ξ be a torsion point of Ta \ Ta[p∞]. The restriction of the measure µξ∆ to
∆\(a ⊗ Zp)
× satisfies the interpolation property∫
∆\(a⊗Zp)×
ξp∆(x)N̂a(x)
k dµξ∆(x) = L
(p)(ξ∆ ξp∆,−k)
for any ξp ∈ Ta[p∞] and k ∈ N.
Proof. By choosing a set of representatives Cξ of ∆ξ\Φξ , we have∫
∆\(a⊗Zp )×
ξp∆(x)N̂a(x)
k dµξ∆(x) =
∫
∆\(a⊗Zp )
1(a⊗Zp)×(x)ξp∆(x)N̂a(x)
k dµξ∆(x)
=
∑
σ∈Cξ
∑
J⊂P
(−1)|J |
NpJ
∑
ξpJ ∈T
a[pJ ]
∑
ε∈∆ξp \∆
∫
a⊗Zp
ξpJ (x)ξ
ε
p (x)N̂a(x)
k dµσ,ξ(x)
= Na−k
∑
σ∈Cξ
∑
ε∈∆ξp \∆
∑
J⊂P
(−1)|J |
NpJ
∑
ξpJ ∈T
a[pJ ]
ζσ(ξξpJξ
ε
p,−k).
Note that for any torsion point ξ of Ta , we have∑
J⊂P
(−1)|J |
NpJ
∑
ξpJ ∈T
a[pJ ]
ζσ(ξξpJξ
ε
p, s) =
∑
α∈σ˘∩a+
∑
J⊂P
(−1)|J |
NpJ
∑
ξpJ ∈T
a[pJ ]
ξpJ (α)
ξ(α)ξεp (α)
N(a−1α)s
=
∑
α∈σ˘∩a+
α<pa ∀p | (p)
ξ(α)ξεp(α)
N(a−1α)s
.
Our assertion follows from the above calculations. 
P-ADIC POLYLOGARITHM 23
4.4. Construction of the p-adic L-function. In this subsection, we prove Theorem 4.2 and
then construct the p-adic L-function associated to a Hecke character of the totally real field. In
what follows, we fix a set C ⊂ I which represents the narrow ideal class group Cl+F(1). Recall
that by (16), we have a bijection
∐
a∈C ∆\(a ⊗ Zp)
× −→ Cl+F(p
∞).
Proof of Theorem 4.2. Let χ : Cl+F(g) → C
× be a finite primitive Hecke character of conductor
g, where g is an integral ideal of OF which does not divide any power of (p). In other words,
g is divisible by a prime ideal which is not a factor of (p). We will construct a measure µχ on
Cl+F(p
∞) which satisfies the interpolation property as in Theorem 4.2.
Recall that, for any fractional ideal a of F, the Hecke character χ induces the function
χa : a/ga → C satisfying χa(α) = χ(a−1α) for any α ∈ a+. For a ∈ C, we let µχa be the measure
on ∆ \ (a ⊗ Zp)× given by
µχa ≔
∑
ξ∈Ta
0
[g]/∆
cχ(ξ)µξ∆,
where Ta
0
[g] denotes the set of primitive g-torsion point in Ta[g]. Note that since χ is primitive,
we have µχa =
∑
ξ∈Ta[g]/∆ cχ(ξ)µξ∆ by Proposition 2.8. Then we let µχ be the measure on
Cl+F(p
∞) induced by µχa through the bijection (16). In other words, we let∫
Cl+F (p
∞)
f (x)dµχ(x) ≔
∑
a∈C
∫
∆\(a⊗Zp)×
fa(x)dµχa (x)
for any continuous function f : Cl+F(p
∞) → Cp, where we denote by fa the pull-back of f to
∆\(a ⊗ Zp)
×.
Let χp be a finite character of Cl
+
F(p
∞), and suppose χp factors through Cl
+
F(p
n). The finite
Fourier inversion formula gives the equalites
χa(x) =
∑
ξ∈Ta
0
[g]/∆
cχ(ξ)ξ∆(x), χp,a(x) =
∑
ξp∈Ta[pn]/∆
cχp (ξp)ξp∆(x)
as functions on ∆\(a ⊗ Zp) for any a ∈ C. Then for any k ∈ N, we have∫
Cl+F (p
∞)
χp(x)N̂(x)
k dµχ(x) =
∑
a∈C
∫
∆\(a⊗Zp )×
χp,a(x)N̂a(x)
k dµχa (x)
=
∑
a∈C
∑
ξ∈Ta
0
[g]/∆
ξp∈T
a[pn]/∆
cχ(ξ)cχp(ξp)
∫
∆\(a⊗Zp )×
ξp∆(x)N̂a(x)
k dµξ∆(x)
=
∑
a∈C
∑
ξ∈Ta
0
[g]/∆
ξp∈T
a[pn]/∆
cχ(ξ)cχp(ξp)L
(p)(ξ∆ ξp∆,−k)
=
(∏
p | (p)
(
1 − χχp(p)Np
−k
))
L(χχp,−k).
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The last equality follows from the fact that we have∑
a∈C
∑
ξ∈Ta
0
[g]/∆
ξp∈T
a[pn]/∆
cχ(ξ)cχp(ξp)L
(p)(ξ∆ ξp∆, s)
=
∑
a∈C
∑
ξ∈Ta
0
[g]/∆
ξp∈T
a[pn]/∆
∑
α∈∆\a+
α∈(a⊗Zp )
×
cχ(ξ)cχp (ξp)ξ∆(α)ξp∆(α)N(a
−1α)−s
=
∑
a∈C
∑
α∈∆\a+
α∈(a⊗Zp )
×
χ(a−1α)χp(a
−1α)N(a−1α)−s
=
∑
a⊂OF
(a,(p))=1
χ(a)χp(a)Na
−s
=
(∏
p | (p)
(
1 − χχp(p)Np
−s
))
L(χχp, s)
noting that α ∈ (a ⊗ Zp)× implies that the ideal a−1α is prime to p for any prime ideal of F such
that p | (p). 
We define the p-adic L-function as follows. Note that we have Z×p = µ × (1 + pZp), where µ
is the maximal torsion subgroup of Z×p and p = p if p , 2 and p = p
2 if p = 2. For x ∈ Z×p , we
denote the first and second factors by ωp(x) ∈ µ and 〈x〉 ∈ 1 + pZp. We denote again by ωp the
character ωp ◦ N̂ : Cl
+
F(p
∞) → µ.
Definition 4.12. Let χ : Cl+F(g) → C
× be a finite primitive Hecke character of conductor g,
where g does not divide any power of (p). We define the p-adic L-function Lp(χ, s) by
Lp(χ, s) ≔
∫
Cl+F (p
∞)
ωp(x)
−1〈N̂(x)〉−sdµχ(x)
for any s ∈ Cp.
As a corollary of Theorem 4.2, the p-adic L-function satisfies the following.
Corollary 4.13. For any integer k ∈ N, we have
Lp(χ,−k) =
(∏
p | (p)
(
1 − χω−k−1p (p)Np
k
))
L(χω−k−1p ,−k).
5. Proof of the Main Theorem
In this section, we will prove our main theorem. More precisely, we will calculate the values
of the p-adic polylogarithm at torsion points of ÛK and relate it to the special values of p-adic
Hecke L-functions.
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5.1. p-adic Polylogarithms and Specializations at Torsion Points. In this subsection, we
will define the p-adic polylogarithm Li(p)
k
(t) ∈ Hg−1
(
ÛK/F
×
+
,O
T̂K
)
for k ∈ Z and calculate its
specializations at torsion points.
For any k ∈ Z, let k I ≔ (k, . . . , k) ∈ ZI . Then we have the following.
Lemma 5.1. For any k ∈ Z and a ∈ I, consider the multiplication by Nak on O
T̂a
K
, regarded as
a homomorphism O
T̂a
K
(k I) → O
T̂a
K
of sheaves on T̂a
K
. Then the collection for all a ∈ I gives an
isomorphism
(19) O
T̂K
(k I)

−→ O
T̂K
of F×
+
-equivariant sheaves on T̂K = ∐a∈IT̂aK .
Proof. For any a ∈ I and x ∈ F×
+
, we have a commutative diagram
〈x〉∗O
T̂a
K
(k I )
N(a)k

//
N(x)−k 

〈x〉∗O
T̂a
K
id 

O
T̂xa
K
(k I )
N(xa)k

// O
T̂xa
K
,
of sheaves on T̂xa
K
, which gives our assertion. 
Definition 5.2. For any k ∈ Z, we define the p-adic polylogarithm Li(p)
k
(t) to be the class in
Hg−1
(
ÛK/F
×
+
,O
T̂K
)
corresponding to the class Li(p)
k I
(t) through the isomorphism
Hg−1
(
ÛK/F
×
+
,O
T̂K
(
k I
) )
 Hg−1
(
ÛK/F
×
+
,O
T̂K
)
induced from the isomorphism (19) of Lemma 5.1. By construction, Li(p)
k
(t) is given by the
cocycle (
sgn(α)NakLi(p)
k I ,σα
(t)
)
∈
(∏
a∈I
alt∏
α∈A
g
a
Γ
(
Ûa
αK,OT̂a
K
))F×+
.
Let ξ ∈ T(Q) be a torsion point lying in ÛK , and regard it as the rigid analytic space SpK(ξ)
with trivial action of ∆ξ . Furthermore, for any cone σ = σα of dimension g with α ∈ A
g
a , we
let Ûa
σK
≔ Ûa
αK
. We fix a Shintani decomposition Φξ as in Lemma 4.9 so that ξ lies in ÛaσK
for any σ ∈ Φξ . For any α ∈ Aa, we let Vα = Ûaα ∩ ξ. Then Va ≔ {Vα}α∈Aa gives an affinoid
covering of ξ. We denote by Aξ the subset of Aa consisting of α such that ξ lies in ÛaαK . Then
the following lemma is proved by the same argument as in [3, Proposition 5.5].
Lemma 5.3. Let η ∈ Hg−1(ξ/∆ξ,Oξ) be represented by a cocycle
(ηα) ∈ C
g−1(Va/∆ξ,Oξ) =
( alt∏
α∈A
g
ξ
K(ξ)
)∆ξ
.
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For any cone σ ∈ Φξ , let ησ ≔ sgn(α)ηα for a generator α ∈ A
g
ξ
of σ. Then the homomorphism
mapping the cocycle (ηα) to
∑
σ∈∆ξ\Φξ ησ induces a canonical isomorphism
(20) Hg−1(ξ/∆ξ,Oξ)  K(ξ).
Now we may define the value of the p-adic polylogarithm Li(p)
k
(t) at ξ as follows.
Definition 5.4. Let ξ be a torsion point lying in ÛK . For any k ∈ Z, we denote by Li
(p)
k
(ξ) the
image of Li(p)
k
(t) with respect to the specialization map
Hg−1
(
ÛK/F
×
+
,O
T̂K
)
→ Hg−1(ξ/∆ξ,Oξ)
induced from the equivariant morphism ξ → ÛK . We view Li
(p)
k
(ξ) as an element in K(ξ)
through the isomorphism (20), and call it the value of the polylogarithm at the point ξ.
The following result is crucial in the proof of our main theorem.
Theorem 5.5. Let ξ be a torsion point lying in Ûa
K
for a ∈ I. Then we have
Li(p)
k
(ξ) =
∫
∆\(a⊗Zp)×
N̂a(x)
−k dµξ∆(x)
for any integer k ∈ Z.
To prove Theorem 5.5, we need a formula for the value of the p-adic polylogarithm function
Li(p)
k I ,σ
(t) at ξ for each cone σ ∈ Φξ , which is shown by using the technique of [11, 5.6. Lemma].
In what follows, we note that the multiplication by a torsion point ξ ∈ Ta(Q) induces a morphism
̺ξ : T̂aK(ξ) → T̂
a
K(ξ)
given by ̺∗
ξ
(tα) = ξ(α)tα.
Proposition 5.6. Let a ∈ I, α ∈ A ga , and σ = σα. For any torsion point ξ lying in Û
a
σK
and
integer k ∈ Z, we have
Li(p)
k I ,σ
(ξ) =
∫
(a⊗Zp )×
N(x)−k dµσ,ξ(x).
Proof. Let P ≔ {p ∈ SpecOF | p | (p)} be the set of prime ideals of OF dividing (p) and let
pJ ≔
∏
p∈J p for any J ⊂ P. We first prove that as functions in Γ(Û
a
αK(ξ)
,O
T̂a
K(ξ)
), we have
(21) Li(p)
0I,σ
(t) = G
a,(p)
σ (t) ≔
∑
J⊂P
(−1)|J |
NpJ
∑
ξpJ ∈T
a[pJ ]
̺∗ξpJ
Gaσ(t)
Note that both sides of (21) lie in B̂α ⊗ K(ξ) ⊂ Γ(ÛaαK(ξ),OT̂a
K(ξ)
), where Bα is as in (12). If we
view the functions through the natural injection B̂α ⊗ K(ξ) ֒→ K(ξ)ntα | α ∈ a+o, then we have
Li(p)
0I,σ
(t) =
∑
α∈σ˘∩a
α∈(a⊗Zp )
×
tα, ̺∗ξpG
a
σ(t) =
∑
α∈σ˘∩a
ξp(α)t
α
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for any ξp ∈ Ta[p]. Then (21) follows from the fact that
∑
ξp∈Ta[p] ξp(α) = Np if α ∈ p and∑
ξp∈Ta[p] ξp(α) = 0 otherwise. For any integer n ≥ 0, if we apply the differential operator
∂ ≔
∏
τ∈I ∂τ n times to (21), and evaluate both sides at ξ, then we have
Li(p)
−nI,σ
(ξ) = ∂nG
a,(p)
σ (ξ) = ∂
nG˜
a,(p)
σ,ξ
(T)

T=0
=
∫
(a⊗Zp )×
N(x)ndµσ,ξ(x),
where the last equality follows from the construction of the measure µσ,ξ . This is our assertion
for integers k ≤ 0. Next note that, for any k ∈ Z, we have
N(x)−k = lim
r→∞
N(x)−k+(p−1)p
r
uniformly as functions on (a ⊗ Zp)×. This shows that
Li(p)
k I ,σ
(t) = lim
r→∞
Li(p)
(k−(p−1)pr )I ,σ
(t)
and ∫
(a⊗Zp )×
N(x)−k dµσ,ξ(x) = lim
r→∞
∫
(a⊗Zp )×
N(x)−k+(p−1)p
r
dµσ,ξ(x).
Hence our assertion for the case of k > 0 follows from the result for k ≤ 0. 
We now prove Theorem 5.5.
Proof of Theorem 5.5. By construction of the polylogarithm class
Li(p)
k
(t) ∈ Hg−1(ÛaK/∆,OT̂a
K
)
given in Definition 5.2, we see that the class Li(p)
k
(ξ) in Hg−1(ξ/∆ξ,Oξ) is represented by the
cocycle (
sgn(α)NakLi(p)
k I ,σα
(ξ)
)
∈ Cg−1(Va/∆ξ,Oξ).
Then by Lemma 5.3, this class maps to
Nak
∑
σ∈∆ξ\Φξ
Li(p)
k I ,σ
(ξ) ∈ K(ξ)
through the isomorphism (20). By Proposition 5.6 and the definition of µξ∆, we have∑
σ∈∆ξ\Φξ
Li(p)
k I ,σ
(ξ) =
∑
σ∈∆ξ\Φξ
∫
(a⊗Zp )×
N(x)−k dµσ,ξ(x)
=
∫
∆\(a⊗Zp)×
N(x)−k dµξ∆(x).
This proves our assertion, since N̂a(x) = Na−1N(x) for any x ∈ a ⊗ Zp. 
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5.2. Proof of the Main Theorem. In this subsection, we will prove our main result, Theorem
5.8. We will then prove Corollary 5.14, which coincides with Theorem 1.2 of §1. The following
result will be used to relate the p-adic L-functions to the p-adic polylogarithms.
Lemma5.7. Let g be an integral ideal ofOF which does not divide any power of (p), χ : Cl
+
F(g) →
C× a primitive Hecke character of conductor g, and χp a finite character of Cl
+
F(p
∞). Then we
have χp ·µχ = µχχp , as an equality of measures onCl
+
F(p
∞) (recall that χχp denotes the primitive
Hecke character induced by the product of χ and χp; see Remark 4.3).
Proof. By Theorem 4.2, we have∫
Cl+F (p
∞)
χp(x)χ
′
p(x)N̂(x)
k dµχ(x) =
(∏
p | (p)
(
1 − χχpχ
′
p(p)Np
−k
))
L(χχp χ
′
p,−k)
for any finite character χ′p of Cl
+
F(p
∞) and k ∈ N. This shows that χp · µχ satisfies the same
interpolation property as µχχp , hence our assertion follows. 
We may now prove our main theorem.
Theorem 5.8. Let g be an integral ideal of OF which does not divide any power of (p),and let
χ : Cl+F(g) → C
× be a primitive Hecke character of conductor g. If we denote by Lp(χω1−kp , s)
the p-adic L-function associated to the Hecke character χω1−kp , then we have
Lp(χω
1−k
p , k) =
∑
ξ∈T0[g]
cχ(ξ)Li
(p)
k
(ξ)
for any integer k ∈ Z, where T0[g] is the set of primitive elements of T [g] given before
Proposition 2.8.
Proof. By definition of the p-adic L-function given in Definition 4.12 and Lemma 5.7, we have
Lp(χω
1−k
p , k) =
∫
Cl+F (p
∞)
ω−1p (x)〈N̂(x)〉
−k dµχω1−kp (x) =
∫
Cl+F (p
∞)
ω−kp (x)〈N̂(x)〉
−k dµχ(x)
=
∫
Cl+F (p
∞)
N̂(x)−k dµχ(x) =
∑
a∈C
∫
∆\(a⊗Zp )×
N̂a(x)
−k dµχ(x)
for any integer k ∈ Z, where C is a set of representatives of Cl+F(1). Moreover, since all ξ ∈ T
a
0
[g]
lie in Ûa
K
, we have∫
∆\(a⊗Zp )×
N̂a(x)
−k dµχ(x) =
∑
ξ∈Ta
0
[g]/∆ξ
cχ(ξ)
∫
∆\(a⊗Zp )×
N̂a(x)
−k dµξ∆(x)
=
∑
ξ∈Ta
0
[g]/∆
cχ(ξ)Li
(p)
k
(ξ),
for each a ∈ C, where the last equality follows from Theorem 5.5. 
We may reinterpret our main result in terms of the Gauss sum as follows.
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Definition 5.9. Let a be a fractional ideal. For a Hecke character χ : Cl+F(g) → C
× and a torsion
point ξ ∈ Ta[g], we define the Gauss sum g(χ, ξ) by
g(χ, ξ) ≔ Ng · cχ(ξ) =
∑
β∈a/ga
χa(β)ξ(−β).
By Lemma 2.6, g(χ, ξ) depends only on the class of ξ in T [g].
Before proceeding to our result, we first define a certain action of Cl+F(g) on the set T [g].
Let Iint be the subset of I consisting of integral ideals of F, viewed as a submonoid of I
with respect to the multiplication, and let b ∈ Iint. Then for any a ∈ I, the natural inclusion
ab ⊂ a induces a morphism of algebraic tori ϕ(b) : Ta → Tab . If ξ : a → R× is a point in
Ta , then ϕ(b)(ξ) : ab → R× is given by ϕ(b)(ξ)(α) = ξ(α) for any α ∈ ab ⊂ a. Then the
morphisms ϕ(b) for all a ∈ I defines a morphism ϕ(b) : T→ T, and we obtain a homomorphism
ϕ : Iint → End(T) of monoids, where End(T) denotes the monoid of endomorphisms of T as a
groupoid.
Lemma 5.10. For any b ∈ Iint, the morphism ϕ(b) commutes with the action of F×+ , hence
induces a map
(22) ϕ(b) : T → T .
Proof. let x ∈ F×
+
and a ∈ I. We have a commutative diagram
ab

 //
 x

a
 x

xab

 // xa
where the horizontal arrows are the inclusions and the vertical arrows are multiplication by x.
This shows that the induced maps on the tori gives a commutative diagram
Tab Ta
ϕ(b)
oo
Txab
〈x〉 
OO
Txa,
〈x〉 
OO
ϕ(b)
oo
hence ϕ(b) induces the map (22) on T . 
Lemma 5.10 gives a morphism of monoids ϕ : Iint → End(T ). This induces, for each integral
ideal g, an action of Cl+F(g) on T [g] as follows.
Lemma 5.11. Let β ∈ OF+ such that β ≡ 1 (mod g), and put b = (β). Then for any ξ ∈ T [g],
we have ϕ(b)(ξ) = ξ. In other words, P+(g) ∩ Iint acts trivially on T [g], hence Cl
+
F(g) 
(Ig ∩ Iint)/(P+(g) ∩ Iint) acts via ϕ on the set T [g].
Proof. Consider ξ ∈ Ta[g] for some fractional ideal a ∈ I. By definition, ϕ(b)(ξ) is the
homomorphism ϕ(b)(ξ) : ab/gab → Q
×
given by ϕ(b)(ξ)(αβ) = ξ(αβ) for any α ∈ a. On
the other hand, β−1 ∈ F×
+
defines a map 〈β−1〉 : Ta → Tβa . Then 〈β−1〉(ξ) is an element in
Tβa = Tab such that 〈β−1〉(ξ)(αβ) = ξ(β−1αβ) = ξ(α) for any α ∈ a. Since β ≡ 1 (mod g), we
30 BANNAI, HAGIHARA, YAMADA, AND YAMAMOTO
have ξ(α) = ξ(αβ) for any α ∈ a, hence ϕ(b)(ξ) = 〈β−1〉(ξ) as functions on ab. Thus ξ and
ϕ(b)(ξ) coincides as elements in T [g], as desired. 
In the following, we put ξb ≔ ϕ(b)(ξ) for ξ ∈ Ta0[g] and b ∈ Cl
+
F(g), where ϕ is the action
given in Lemma 5.11. We have the following.
Lemma 5.12. The action of Cl+F(g) given by Lemma 5.11 is simply transitive on T0[g].
Proof. Take any two elements of T0[g] represented by ξ ∈ Ta0[g] and ξ
′ ∈ Ta
′
0 [g] respectively.
Then, for an integral ideal b prime to g, ξb and ξ′ represent the same element in T0[g] if and
only if there exists x ∈ F×
+
such that 〈x〉(ξb) = ξ′, i.e., ab = xa′ and ξ′(α) = ξ(xα) holds for all
α ∈ a′. Thus we have to show that, for arbitrarily given ξ and ξ′, there exists a pair of b and x as
above, and b is unique up to P+(g).
We construct such b and x. First, take an integral ideal b0 prime to g from the narrow ideal class
of a−1a′, so that there exists x0 ∈ F×+ satisfying ab0 = x0a
′. Then define a character ξ′0 ∈ T
a′
0 [g] by
ξ′0(α) = ξ(x0α). Since a
′/ga′ is a free OF/g-module of rank one, so is its character group Ta
′
[g],
and Ta
′
0 [g] is the set of generators of the latter. Hence the two elements ξ
′, ξ′0 ∈ T
a′
0 [g] coincide
up to multiplication by (OF/g)×, that is, there exists α0 ∈ (OF/g)× such that ξ0(α) = ξ′0(α0α).
Then the pair (b, x) ≔ (α0b0, α0x) has the desired property.
To show the uniqueness, we may assume that ξ = ξ′. Then we have b = (x) with x ∈ OF+.
Moreover, by the above interpretation of Ta0[g], the identity ξ
′(α) = ξ(xα) implies that x ≡
1 mod g. Hence b is trivial in Cl+F(g). This completes the proof of our assertion. 
The following lemma describes the behavior of the Gauss sums under this action.
Lemma 5.13. Let ξ ∈ Ta0[g] and b ∈ Cl
+
F(g). Then for any Hecke character χ of conductor g,
we have
g(χ, ξb) = g(χ, ξ)χ(b)−1.
Proof. We may compute both sides by choosing a representative b of the given ray class to be
integral. Then we have
g(χ, ξb) =
∑
α∈ab/gab
χab(α)ξ
b(−α) = χ(b)−1
∑
α∈a/ga
χa(α)ξ(−α) = g(χ, ξ)χ(b)
−1,
where we have used the fact that since b is prime to g, the natural inclusion ab ⊂ a induces an
isomorphism ab/gab  a/ga. 
Now Theorem 5.8 gives the following corollary, which was stated as Theorem 1.2 in §1.
Corollary 5.14. Let the notation be as in Theorem 5.8, and fix an arbitrary ξ ∈ T0[g]. Then we
have
Lp(χω
1−k
p , k) =
g(χ, ξ)
Ng
∑
b∈Cl+F (g)
χ(b)−1 Li(p)
k
(ξb)
for any integer k ∈ Z.
Proof. The assertion follows from Theorem 5.8, Lemma 5.12, and Lemma 5.13. 
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Remark 5.15. The action ϕ of Cl+F(g) onT [g] described in Lemma 5.11 gives a striking parallel
to the case of elliptic curves with complex multiplication. Although we do not currently have
any concrete ideas to attack the problem, if T can be equipped with a certain F-structure so
that the points of T have a natural action of Gal(F/F), and if we could prove that this action is
compatible with the action ϕ on T [g] through the isomorphism Cl+F(g)  Gal(F(g)/F) given by
class field theory, then the stack T = T/F×
+
would provide a basis for considering Kronecker’s
Jugendtraum in the case of totally real fields.
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